Scalable collective Lamb shift of a 1D superconducting qubit array in
  front of a mirror by Lin, Kuan-Ting et al.
Scalable collective Lamb shift of a 1D superconducting qubit array in front of a mirror
Kuan-Ting Lin1, Ting Hsu1, Chen-Yu Lee1 , Io-Chun Hoi2, and Guin-Dar Lin1
1Center for Quantum Science and Engineering, Department of Physics,
National Taiwan University, Taipei 10617, Taiwan and
2Center for Quantum Technology and Department of Physics,
National Tsing Hua University, Hsinchu 30013, Taiwan
We theoretically investigate resonant dipole-dipole interaction (RDDI) between artificial atoms in
a 1D geometry, implemented by N transmon qubits coupled through a transmission line. Similarly
to the atomic cases, RDDI comes from exchange of virtual photons of the unexcited modes, and
causes the so-called collective Lamb shift (CLS). To probe the shift, we effectively set one end of the
transmission line as a mirror, and examine the reflection spectrum of the probe field from the other
end. Our calculation shows that when a qubit is placed at the node of the standing wave formed
by the incident and reflected waves, even though it is considered to be decoupled from the field, it
results in large energy splitting in the spectral profile of a resonant qubit located elsewhere. This
directly signals the interplay of virtual photon processes and explicitly demonstrates the CLS. We
further derive a master equation to describe the system, which can take into account mismatch of
participating qubits and dephasing effects. Our calculation also demonstrates the superradiant and
subradiant nature of the atomic states, and how the CLS scales when more qubits are involved.
I. INTRODUCTION
One of the intriguing phenomena of quantum electro-
dynamics is the emergence of the Lamb shift, which was
first discovered by Lamb in 1947 [1], corresponding to the
energy difference between 2S1/2 and 2P1/2 levels of a hy-
drogen atom. The understanding of such a shift opened
up a new chapter of physics now known as quantum field
theory, bringing in a concept that quantum vacuum must
be treated as a zero-point state of numerous harmonic os-
cillators (photon modes), and quantum fluctuations allow
both real and virtual processes to have physical effects.
This perspective of quantum vacuum also plays an essen-
tial role in various scenarios such as spontaneous decay
emission, squeezed vacuum states [2, 3], and the Casimir
effect [4–6]. Recently, resonant dipole-dipole interaction
(RDDI) mediated via exchange of virtual photons be-
tween multiple atoms has become one of the most inter-
esting topics in different contexts [7–12]. Such RDDI
results in the collective version of Lamb shift, some-
times also termed the cooperative Lamb shift (CLS) due
to its close connection to cooperative phenomena such
as super- and subradiance [13–15]. For past few years,
CLS regarding atomic systems have been experimentally
demonstrated and studied in atomic clouds [16, 17], in
nano-layer gases [18, 19], ensembles of embedded nuclei
[20], and trapped ions [21]. Main challenges of observing
CLS in atomic systems originate from vacuum mediated
coupling weakened very fast as separation increases in 3D
space. In order to probe the shift, ideally atoms must be
placed at a distance comparable to the transition wave-
length, or inside cavities or waveguides where field can
be confined or directed , thus enhancing the interaction
strength. Based on such consideration, it is suggested
that the circuit quantum electrodynamical (circuit QED,
or cQED) systems are a perfect testbed for observing co-
operative phenomena.
Circuit QED systems deal with superconducting arti-
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FIG. 1. Architecture of the 1D array of transmon qubits
coupled through a microwave waveguide, whose one end is
terminated by a large capacitor at x = 0, effectively serving
as an antinode mirror. The probe field is fed from the other
end of the waveguide, coherently superposes with the reflected
field, forming a standing wave. When other qubits are placed
at the nodes, they do not directly interact with probe photons.
However, the qubits can still couple to other vacuum modes
of continuous spectrum, mediating the RDDI only through
virtual processes.
ficial atoms coupled through 1D microwave waveguides.
They are relatively more easily fabricated to achieve the
strong coupling or the superradiant regime compared to
the atomic counterpart [22], and have been used exten-
sively to study the Tavis-Cummings model [23], dipole-
dipole coupling [24], photon-ensemble interaction, super-
and subradiance [25–29], and quantum information ori-
ented applications [30, 31]. Up to present, the observa-
tion of CLS in cQED systems is still scarce except for [26],
where two qubits are both pumped in an open waveg-
uide, resulting in collective decay linewidth larger than
the shift, seriously degrading the visibility of CLS. We
here study the emergence of CLS when a series of trans-
mon qubits are arranged in front of a mirror, and probed
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2for the reflection spectrum. In order to identify RDDI
that is exclusively from mediation of virtual photons, we
put one qubit at an antinode while others at nodes with
respect to their transition wavelength as shown in Fig. 1.
Intuitively speaking, since these qubits at nodes do not
directly interact with the probing field, they have no ef-
fect on the antinode qubit’s spectral profile through real
photon exchange. This is however not the entire story
because one neglects contributions from the whole range
of vacuum modes, which, except for the resonant one, are
not physically excited but in fact responsible for RDDI.
The advantage of insertion of a mirror is to introduce de-
structive interference that suppresses the collective decay
linewidth, hence improving the visibility of the CLS.
This paper is organized as follows: Sec. II presents
a cQED system of a half-infinite waveguide, and derives
the model for RDDI associated with it. Sec. III mainly
discusses two-qubit cases, focusing on the superradianct
condition and emergence of CLS. We calculate the re-
flection spectrum, commonly measured in current ex-
periments [32–34], showing the observable CLS splitting
in the profile. We also study the dephasing and power
broadening effects as well as level anharmonicity for real
transmon artificial atoms. Sec. IV discusses multi-qubit
cases, demonstrating the scaling law for the CLS and
number of qubits. To explain this we present an effective
reduced scheme. Finally we conclude this work in Sec.
V.
II. MODEL
A. Dipole-dipole interaction and master equation
We consider a linear chain of N transmon qubits cou-
pled to a common 1D waveguide whose one end is ter-
minated by a very large capacitor. This amounts to set
the end as an antinode mirror regarding the standing
waves in such an architecture. Different from a dis-
crete spectrum in a cavity case with two mirrors, our
system allows continuum of the photon modes. The
Hamiltonian describing this system can be written as
H = HS + HB + Hint [32, 35–37] with the atomic part
HS =
∑
i ~ωiσ
+
i σ
−
i , the field part HB =
∫∞
0 ~ωa
+
ω aωdω,
and the interaction under the rotating wave approxima-
tion
Hint = i
∑
i
∫ ∞
0
dω~gi(ω) cos(kωxi)aωσ+i +H.c.. (1)
Here, ωi denotes the transition frequency between the
excited state |e〉i and the ground one |g〉i of the ith qubit
located at xi, and σ+i = |e〉i〈g| and σ−i = |g〉i〈e| represent
its raising and lowering operators, respectively. The op-
erator a†ω (aω) creates (annihilates) a photon of frequency
ω, whose mode function is of the form ∼ cos kωx due to
presence of the antinode mirror at x = 0. The wavenum-
ber kω = ω/v with v the speed of light in the waveguide.
Note that a+ω and aω satisfy the commutation relation
[aω′ , a+ω ] = δ(ω − ω
′). Following the standard procedure
to trace out the photonic degrees of freedom [38] and ap-
plying the Born-Markov approximation, we arrive at the
master equation
dρ
dt
= i
∑
i
δi[σ+i σ−i , ρ]
− i
∑
ij
(∆+ij − iγ−ij )[σ+i σ−j , ρ]
+ i
∑
i
Ωip cos(kpxi)[σ+i + σ−i , ρ]
+
∑
ij
(γ+ij + i∆−ij)Lij [ρ]
+
∑
i
γφi Lφi [ρ].
(2)
In this master equation, we have explicitly included a
continuous-wave probe field incident from the other end
of the waveguide with a detuning δi = ωp − ωi, the as-
sociated Rabi frequency Ωip seen by the ith qubit, and
a wavenumber kp = ωp/v. The superoperator Lij [ρ] ≡
2σ−j ρσ+i −σ+i σ−j ρ−ρσ+i σ−j deals with self and cooperative
dissipative processes. And Lφi [ρ] ≡ 2σeei ρσeei −σeei ρ−ρσeei
with σeei = |e〉i〈e| is added by hand to account for indi-
vidual pure dephasing characterized by γφi . The dipole-
dipole interaction, obtained by summing all contributions
from the photon mode continuum, is now contained in
γ±ij = (γij ± γji)/2 and ∆±ij = (∆ij ±∆ji)/2 with
γij =
γ0ij
2 [cos kj(xi + xj) + cos kj |xi − xj |] (3)
∆ij =
γ0ij
2 [sin kj(xi + xj) + sin kj |xi − xj |] , (4)
where γ0ij ≡
√
γi(ωj)γj(ωj) with the bare decay rate γi =
pig2i (ωj) evaluated at the jth qubit’s transition frequency
ωj (see Appendix A for details).
Here are a few remarks regarding the forms of Eqs.
(3) and (4). First, for an open waveguide without a mir-
ror, it can be proven that the dipole-dipole interaction
between the ith and jth qubits depends only on the rela-
tive distance |xi − xj | [22]. The mirror effectively places
image atoms on the other side of the mirror. Therefore
qubit i does not only see the real qubit j at a distance
|xi − xj | but also the image one at distance (xi + xj).
Secondly, these rates and shifts are related through the
Kramers-Kronig (KK) relations
γij =
1
pi
∫ ∆ij(ω′)
ω − ω′ dω
′ (5)
∆ij =− 1
pi
∫
γij(ω′)
ω − ω′ dω
′. (6)
Note that, in general, γ±ij and ∆±ij are non-zero with
non-identical qubits, leading to non-Lindblad behavior
3[39]. For identical qubits where the sub-indices are in-
terchangeable, γ−ij and ∆−ij vanish and hence the master
equation retains the Lindblad form; ∆ij then directly
contributes to the CLS.
B. Scattering and Reflection
In order to probe the CLS configuration, we manage
to feed the probe signal from and acquire its reflection
spectrum on the open end. As measured in many experi-
ments [32, 33, 36, 40], the reflection coefficient is obtained
by
r(x, t) ≡ |〈Vout(x, t)/Vin(x, t)〉| , (7)
where the output signal Vout(x, t) = Vin(x, t) + Vsc(x, t)
with the input voltage Vin and scattered one Vsc. The
input signal is assumed to be of the form
Vin(x, t) = V0eikpr (8)
viewed from the rotating frame of the probe frequency,
where V0 is the amplitude of the input voltage with its
corresponding wave number kp. The scattered voltage
can be calculated from the flux [36, 41]
Φ(x, t) =
√
~Z0
pi
∫
dω√
ω
cos kωx(aω + a†ω) (9)
with the characteristic impedance Z0. Then the scat-
tered signal is obtained by differentiating the positive
frequency part Vsc = ∂Φout/∂t for the outgoing wave. In
the probe-frequency frame,
Vsc(x, t) = −i
√
~Z0
4pi
∫ ∞
0
√
ωa˜ω(t)eikωx−i(ω−ωp)tdω.
(10)
Here we have used the fact that the field operator can
be expressed in terms of the slowly-varying amplitude
aω(t) = a˜ω(t)e−iωt and ˙˜aω ≈ 0. Through the standard
procedures, as summarized in Appendix A, the photonic
operator is related to the atomic one [42, 43]
a˜ω(t) = −
N∑
i=1
gi(ω)
∫ t
0
σ˜−i (t′)ei(ω−ωi)t
′
dt′, (11)
where the atomic operator is also assumed of the form
σ−i (t) = σ˜−i (t)e−iωit. Substituting Eq. (11) into Eq.
(10), and using Eqs. (7) and (8), we then have the scat-
tered signal and the reflection coefficient, respectively,
Vsc = i
N∑
i=1
√
~piZ0ωigi(ωi)σ˜−i , (12)
r =
∣∣∣∣∣1 + i
N∑
i=1
√
~piZ0ωigi(ωi) cos kpxi
〈
σ−i
〉
/V0
∣∣∣∣∣ . (13)
The photon-atom coupling strength for transmon qubits
is given by
gi(ω) = eβi
(
E
(i)
J
8E(i)C
)1/4√
2Z0ω
pi~
, (14)
where e is the electron charge; Z0 is the characteristic
impedance of the transmission line; βi = CiC/CiT is the
ratio between the capacitor CiC of the transmission line
and the total capacitor CiT ; E
(i)
J and E
(i)
C are the Joseph-
son energy and the charging energy, respectively, of the
ith qubit [35, 44, 45]. Note that the input voltage V0 is
viewed right outside the outmost qubit (the Nth one),
and is connected to the Rabi frequency via
V0 =
ΩNp
2gN (ω)
√
~Z0ω
pi
. (15)
By expressing V0 in terms of Ωp, we finally obtain the
reflection coefficient
r =
∣∣∣∣∣1 + i
N∑
i=1
2ηNiγi
ΩNp
cos kpxi
〈
σ−i
〉∣∣∣∣∣ , (16)
with ηNi = (E(N)J E
(i)
c /E
(i)
J E
(N)
c )1/4βN/βi. The atomic
variables 〈σ−i 〉 needs to be solved by evaluating the mas-
ter equation (2), which can be done numerically, or ana-
lytically only under the weak field approximation for the
steady state. We will discuss the results in the following
sections.
III. SUPERRADIANCE AND COLLECTIVE
LAMB SHIFT FOR TWO-ATOM CASES
A. Reflection spectrum
We start with discussion for the simplest case of two
identical qubits, who share the same frequency and bare
decay rate, ω1 = ω2 ≡ ω0 and γ012 = γ021 ≡ γ0, respec-
tively. In this case, ∆−12 = γ−12 = 0, ∆+12 = ∆12(x1, x2),
γ+12 = γ12(x1, x2), and η21 = 1. Fig. 2 shows the the self
and cooperative decay rates and energy shifts according
to Eqs. (3) and (4). Here, we set x1 = 0, i.e., the 1st
qubit is placed at the antinode mirror, and vary the po-
sition x2 of the 2nd one. Since γ12 and ∆12 are periodic
functions of x2, we will not lose generality if only discuss
1 ≤ x2/λ ≤ 2 with λ = 2piv/ω0. For decay rates shown
in Fig. 2 (a), it can be observed that the spontaneous
ones are proportional to the strength of the local field:
γ11 remains at the maximal value due to the antinode
at x1 = 0, and γ22 oscillates harmonically following the
intensity of the standing wave of resonant (of period λ/2)
as x2 increases. The mutual decay rates γ12 also oscil-
lates in space but of period λ. Note that γ12 changes
sign every half a wavelength, suggesting the interchange
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FIG. 2. Energy shifts and decay rates (in units of γ0) of
the two-qubit system for varied x2. ∆ii and γii represent
the single-atom energy shift and spontaneous decay rate, re-
spectively, for the ith qubit. ∆12 and γ12 correspond to the
exchange interaction and the mutual decay rate, respectively.
Note that x/λ = 1, 1.5, 2, · · · correspond to nodes of the reso-
nant field while x/λ = 1.25, 1.75, · · · correspond to antinodes.
of the super- and subradiant nature between the sym-
metric and anti-symmetric states. Further, in Fig. 2 (b)
we find that the energy shift ∆22 for the 2nd qubit also
displays oscillatory features, following the same period of
its KK counterpart γ22. But the amount of shift vanishes
at the locations of both nodes and antinodes (∆11 = 0
due to x1 fixed at the antinode). On the other hand, the
mutual coupling ∆12 deals with the exchange interaction
between two qubits. It is noticeable that although ∆12,
as the KK counterpart of γ12, vanishes at antinodes, it
reaches the maximum magnitude at nodes. The nonzero
coupling mixes the symmetric and anti-symmetric states,
and introduces a finite CLS, which, we will show in the
following, is visible in the reflection spectrum.
The reflection amplitude coefficient Eq. (16) can be
directly computed through solving the steady state from
the master Eq. (2) numerically. Fig. 3(a) maps out
the reflection spectrum from x2/λ = 1 (antinode) to
x2/λ = 1.5 (next antinode). To understand the spec-
trum, it is instructional to perform analysis under certain
approximation and circumstances. We here only briefly
summarize the method we use and the results for two
qubits for (i) x2/λ = 1 (antinode), and (ii) x2/λ = 1.25
(node) with x1 = 0 in both cases. Note that Eq. (16)
can be reduced to the standard Lindblad form [7, 46–49],
and recast into the Dicke representation. For x2/λ = 1,
we go to the non-Hermitian effective Hamiltonian:
Heff =− ~δ(D+s D−s +D+a D−a )
− ~
√
2Ωp(D+s +D−s )
− i~ΓD+s D−s − i~
(
γφ1 + γ
φ
2
2
)
D+a D
−
a
− i~
(
γφ1 − γφ2
2
)(
D+s D
−
a −D+a D−s
)
, (17)
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FIG. 3. (a) Reflection spectrum for various x2 in units of λ
with x1 = 0. (b) The profiles corresponding to three white
dashed line cuts in (a). For x2/λ = 1 (antinode), the spectral
profile presents a single wide dip, signaling the superradiant
nature. For x2/λ = 1.25 (node), the symmetric and antisym-
metric states are split due to the CLS so that two dips merge
corresponding to two resonant conditions. For x2 away from
the antinode, two dips move to the side of red detuning with
the left one rising and finally fading out, and the right one
moving toward the middle, and finally becoming superradiant
as x2 reaches the next antinode. (c) Population as a function
of detuning in the symmetric (ρss) and antisymmetric (ρaa)
states for x2/λ = 1. (d) Similar to (c) but for x2/λ = 1.25.
Note that for 1.5 ≤ x2/λ ≤ 2, these curves are similar but
with the roles of the symmetric and antisymmetric states are
switched. (Other paramers: γφ = 0.2γ0 and Ωp = 0.01γ0.)
where the collective symmetric and anti-symmetric op-
erators are defined by D±s = 1√2 (σ
±
1 + σ±2 ) and D±a =
1√
2 (σ
±
1 − σ±2 ), respectively, with the superradiant decay
rate Γ = 2γ0 + γ
φ
1 +γ
φ
2
2 . Here, assuming the dephas-
ing rate γφ1 = γ
φ
2 = γφ shared by the qubits, we write
the two-qubit state |ψ〉 = cg|g〉 + cs|s〉 + ca|a〉 + ce|e〉,
where |g〉 ≡ |gg〉, |e〉 = |ee〉, |s〉 = (|ge〉 + |eg〉)/√2, and
|a〉 = (|ge〉 − |eg〉)/√2. In the weak-field approximation,
Ωp  γ0, cg ≈ 1, we thus omit the higher order terms
O(Ω2p), and then have D+s ≈ |s〉〈g| and D+a ≈ |a〉〈g|.
The steady-state solution to the Schrodinger’s equation
i~ ddt |ψ〉 = Heff |ψ〉 is
cs =
√
2iΩp(γφ − iδ)
2γ0γφ + γ2φ − δ2 − 2iδ(γ0 + γφ)
(18)
ca = 0. (19)
Plugging cs and ca into Eq. (16) using
〈
σ−1,2
〉
= 1√2 (cs ±
ca), we can obtain
5r =
∣∣∣∣∣1− 4γ0(γφ − iδ)2γ0γφ + γ2φ − δ2 − 2iδ(γ0 + γφ)
∣∣∣∣∣ , (20)
which, when γφ is negligible, approaches
∣∣∣1− 4γ0γφδ2+4γ20 ∣∣∣1/2
forming a central dip of width 2γ0. This corresponds
to the Dicke superradiant condition that the linewidth
is broadened by a factor of 2 for two qubits. Also, we
can see that only the symmetric state |s〉 is occupied
with population ρss = |cs|2 because the anti-symmetric
state is decoupled. Note that when x2/λ = 1.5, the roles
of the symmetric and antisymmetric states are switched
because γ12 = −γ0 and σ±1 +(−1)2x2/λσ±2 →
√
2D+a , and
also Γ→ γφ and γ → 2γ0 + γφ in Eq. (17).
For x2 = 1.25λ, the Hamiltonian then becomes
Heff =~(−δ + ∆12)D+s D−s
+ ~(−δ −∆12)D+a D−a
− ~Ωp√
2
(D+s +D−s +D+a +D−a )
− i~γ+(D+s D−s +D+a D−a )
− i~γ−(D+s D−a −D+a D−s )
(21)
with
γ± = γ0 + γφ1 ± γφ22 . (22)
Similar analysis leads to the solution
cs =
iΩp√
2
[
γφ2 − i(δ + ∆12)
]
(γ0 + γφ1 )γ
φ
2 − (δ2 −∆212)− 2iδγ+
(23)
ca =
iΩp√
2
[
γφ2 − i(δ −∆12)
]
(γ0 + γφ1 )γ
φ
2 − (δ2 −∆212)− 2iδγ+
(24)
and hence
r =
∣∣∣∣∣1− 2γ0(γφ2 − iδ)(γ0 + γφ1 )γφ2 − (δ2 −∆212)− 2iδγ+
∣∣∣∣∣ . (25)
For small γφ2 , two dips correspond to δ → δ± with
δ± ≈ ±∆12
[
1− γ
2
0 − γφ21
4∆212
γφ2
γφ1
]
→ ±∆12 (26)
as γφ2 → 0. This is consistent with our previous argu-
ment that ∆12 contributes to a coupling between |s〉 and
|a〉 and splits the two states. Therefore, the CLS directly
results in the spectral splitting δsplit ≡ 2|δ±| ≈ 2∆12 di-
rectly evident in the the reflection profile. Finally, note
that at δ = −∆12, ρss ≈ |Ωp|
2γφ22
2∆212γ20
→ 0 as γφ2 → 0, im-
plying that all the excitation is populated on state |a〉.
Conversely, at δ = +∆12,only state |s〉 is populated. In
the case of x2/λ = 1.75, the roles of the symmetric and
antisymmetric states are switched due to the same argu-
ment in the case of x2/λ = 1.5 discussed previously.
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FIG. 4. (a) Reflection spectrum for various dephasing rates
of the 2nd qubit at x2/λ = 1.25. Here we set γφ1 = 0.2γ0
and Ωp = 0.01γ0. (b) Spectral splitting δsplit in units of γ0
and the height of the central maximum rmid as monotonically
descending functions of the 2nd qubit’s dephasing rate γφ2 .
B. Dephasing
We now examine the effect of dephasing on the split-
ting feature. Intuitively speaking, dephasing usually in-
troduces broadening that degrades the quantum effects
from being observed. In our case, however, when we take
γφ1 = γ
φ
2 = 0, Eq. (25) gives r = 1 constant reflection
profile for any finite detuning δ. Therefore the splitting
information will be hidden. In fact, we need γφ1 > 0
in order to view splitting as a trace of CLS from the
reflection spectrum. We have shown in Eq. (26) that
δ± → ±∆12 as γφ2 → 0 for any γφ1 > 0. When γφ2 > 0,
we find that the mismatch between δsplit and 2∆12 has a
leading-order term proportional to γφ2 /γ
φ
1 , which suggests
that δ± → ±∆12 as long as γφ2 /γφ1 is small.
Figure 4 shows our numerical calculation when γφ1 =
0.2γ0 is fixed, corresponding to a typical experimental
realization. When γφ2 increases from zero, we find δsplit
decreases monotonically from 2∆12. Another interesting
feature regarding visibility of CLS is the central maxi-
mum rmid ≡ r(δ = 0), which is also lowered with in-
creasing γφ2 according to
rmid = 1− 2γ11γ
φ
2
(γ11 + γφ1 )γ
φ
2 + ∆212
. (27)
In real experiments [34], this maximum is always smaller
than unity, reflecting the presence of dephasing mecha-
nisms on the 2nd qubit. We find that rmid is dominantly
determined by γφ2 and insensitive to γ
φ
1 according to Eq.
(27). Thus rmid provides a very good indication to be
used to extract γφ2 by neglecting γ
φ
1 . The ratio of γ
φ
2
thus obtained to the actual value is ∆212/(∆212 + γ
φ
1 γ
φ
2 ).
Therefore, for γφ1 , γ
φ
2 ∼ 0.5γ0, the estimated value of γφ2
is 20% less than the actual one; for γφ1 , γ
φ
2 ∼ 0.2γ0 as in
a typical experiment, it becomes only 4% less.
6𝛿/𝛾0
Ω𝑝
𝛾0
FIG. 5. Power broadening of the reflection spectrum of one
qubit located at x1 = 0 and one at x2 = 1.755λ, slightly off
the node of the standing wave. See text for other parameters.
C. Power broadening
In preceding discussion, we have focused on the weak
field limit on two identical qubits with one located at
the anti-node and the other at the node perfectly. In
this section, we discuss a more realistic case with pa-
rameters given in the experiment [34]. For strong prob-
ing, the effective-Hamiltonian approach breaks down at
some point due to significant population in the upper
level. To account for the associated effect, we general-
ize our model to multi-level atoms (see Appendix B),
where the anharmonicity of transmon qubits is explic-
itly considered, and numerically solve the master equa-
tion Eq. (A.10). A typical power dependent reflec-
tion spectrum is shown in Fig. 5. Here, we have used
ω1 = 2pi × 4.755 GHz and ω2 = 2pi × 4.759 GHz for
two atoms at x1 = 0 and x2 = 1.755λ, respectively,
where λ = 2piv/ω2 with wavespeed v = 0.8948 × 108
m/s . Further, γ11 ≈ γ012 ≈ γ021 ≈ γ0 = 2pi × 17.2 MHz,
γ22 ≈ 2pi × 0.02 MHz, the anharmonicity is 2pi × 406
MHz and 2pi × 324 MHz for the 1st and 2nd atoms, re-
spectively. The dephasing rates are 0.17γ0 (0.28γ0) and
0.13γ0 (0.25γ0) for the lower (upper) level transition of
the 1st and 2nd atoms, respectively.
For weak probing Ωp . 0.1γ0, the spectrum profiles re-
main independent of the probe power, reflecting the fact
that the CLS originates from vacuum modes rather than
the real photon field. As Ωp increases, we see clear power
broadening of the two dips due to significant population
in the second level. Note that the spectral profile being
slightly shifted to the right is because of frequency mis-
match of the two qubits. And the obvious asymmetry of
the profile is owing to the fact that the 2nd qubit is not
perfectly placed at the node and contributes to the scat-
tered signal. Though our model explicitly considers the
third level, our numerical results suggest that its role is
almost negligible as long as the anharmonicity is greater
than 5γ0 ≈ 2pi× 87 MHz. For Ωp & 2γ0, the system gets
A1 B2 A3 B4
ߣ
A1 B2 A3 B4
ߣͶ AntinodeNode
(a)
(b) ͵ߣͶ ߣͶ
FIG. 6. (a) Array of qubits located at either nodes and antin-
odes. (b) Equivalent reduced scheme of “giant atoms” ar-
ranged at antinodes and nodes alternatively.
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FIG. 7. (a) CLS splitting δsplit ≈ 2γ0
√
N − 1 for an qubit
array of one at the mirror (x1 = 0) and N − 1 ones at nodes.
Small deviations can be observed with finite dephasing rate
γφ for all the qubits. (b) Spectral profiles for three antinode
qubits plus one node qubit (3a1n) and one antinode qubit
plus three node ones (1a3n).
saturated and attains unity reflection.
IV. MULTI-ATOM CASES
We now consider multi-atom cases with N ≥ 3. Al-
though the system’s dynamics can be fully determined
by evolving the master equation (2) for arbitrary ar-
rangements of qubits, we here focus on configurations
with identical qubits either at antinodes or nodes as
shown in Fig. 6 (a). For analysis, we first take those
qubits at antinodes/nodes in a row as a group. By
doing so, the system now consists of antinode groups
(Aj) and node ones (Bj) placed in alternative order,
i.e., A1B2A3B4 · · · . For each antinode group, we define
the collective operator as S±j ≡
∑
i∈Aj (−1)2xi/λσ±i , and
for each node one S±j =
∑
i∈Bj (−1)2xi/λ−0.5σ±i . Un-
der the weak field approximation with only single exci-
tation allowed, S+j ≈ |s〉Aj 〈g|⊗nj with |s〉 a superradiant
state. For instance, for the case (x1, x2, x3) = (0, 1, 1.5)λ,
S+ = σ+1 + σ+2 − σ+3 , the superradiant state is given by
|s〉 = 1√3 (|e, g, g〉 + |g, e, g〉 − |e, e, g〉). Thus the group
Aj can be seen as a “giant” atom effectively with only
two levels |g〉⊗nj and |s〉. The reason why |s〉 is superra-
diant can be seen by noticing the dipole-dipole interac-
7tion (in the non-Hermitian representation) characterized
by the decay terms
∑
ii′ γii′σ
+
i σ
−
i′ →
∑
Aj
njγ0S
+
j S
−
j +∑
Aj ,Aj′
√
njnj′γ0S
+
j S
−
j′ , where the first terms corre-
spond to superradiant decay of Aj , and the second terms
correspond to mutual decay channels between different
giant atoms Aj and Aj′ . There are no mutual decay
terms between Aj and Bj′ , and between Bj and Bj′ .
Similarly, the dipole-dipole interaction characterized by
exchange
∑
ij ∆ijσ
+
i σ
−
j →
∑
Aj ,Bj′ ,j<j′
√
njnj′γ0S
+
j S
−
j′ .
We can also treat Bj′ as a giant two-level atom in the
same manner, we find the exchange coupling only exists
between Aj and Bj′ when j < j′. For j > j′, from Eq.
(4) where ∆ii′ ∼ sin k0(xi+xi′)+sin k0|xi−xi′ |, the two
sine terms differ by a phase of pi and hence cancel out.
This leads us to an effective reduced scheme represented
by Fig. 6 (b), which will yield the same spectral behavior
as the original one.
In the case of an array consisting of two groups A1
and B2, with n1 antinode and n2 node qubits, respec-
tively, it can be directly replaced by one antinode atom
of linewidths √n1γ0 coupled to a node atom with ex-
change coupling √n1n2γ0. Thus, the CLS splitting is
δsplit = 2
√
n1n2γ0 without dephasing. Fig. 7 (a) presents
the scaling law of δsplit, which indeed agrees with our
prediction. Small deviation is visible but negligible when
dephasing is included, and gradually vanishes as N gets
large. In Fig. 7 (b) we compare the reflection spectral
profile of two situations: (x1, x2, x3, x4) = (0, 1, 2, 2.25)λ
and (0, 0.25, 0.75, 1.25)λ. In both cases the splitting is the
same 2
√
3γ0. But the former has a broadened linewidth√
3γ0 due to superradiant enhancement in A1.
V. CONCLUSION
In summary, we have studied the dipole-dipole inter-
action between artificial atoms mediated by 1D vacuum
modes in a waveguide. Setting one end of the waveguide
to be a mirror, we are allowed to probe the collective
Lamb shift by studying the reflection spectrum. When
an qubit is placed at the node, we isolate it from cou-
pling to other qubits through real photon field. Instead,
the exchange interaction via virtual photons remains at
work, causing the collective Lamb splitting between sym-
metric and antisymmetric levels that can now be clearly
visible by means of a very simple reflection measurement.
Our calculation highly agrees with the experimental re-
sults in [34]. We have derived the master equation to de-
scribe general cases and given analytical expressions for
certain circumstances. We have also investigated the ef-
fects of dephasing, and the scaling law when more qubits
are added. For special cases with many qubits placed
only at antinodes and nodes, we have developed a re-
duced scheme under the weak field approximation, and
explained the scaling behavior. For future outlook, we
find close connection of our findings to a recent work [50],
where atoms are considered large compared to the tran-
sition wavelength, and thought to have multiple chances
of interaction before the field leaves. We expect similar
analysis for some interesting interference effects, and our
results can be very useful for quantum optical study and
quantum simulation.
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APPENDIX
A. Derivation of dipole-dipole interaction
In this section, we give detailed derivation of the
dipole-dipole interaction, Eqs. (3) and (4), in a 1D
waveguide and the master equation (2) in the main text.
According to the Hamiltonian (1), the equations of mo-
tion for the field operator aω and an arbitrary atomic
observable Q of the system are given respectively by
a˙ω = −iωaω −
N∑
i=1
gi(ω) cos(kωxi)σ−i (t) (A.1)
and
Q˙ =− i
~
N∑
i=1
[Q,Hs]
+
N∑
i=1
∫
dωgi(ω) cos(kωxi)[Q, aωσ+i ] +H.c.. (A.2)
Integrating Eq. (A.1), we obtain
aω(t) =aω(0)e−iωt
−
∫ t
0
dt′eiω(t
′−t)
N∑
i=1
gi(ω) cos(kωxi)σ−i (t′),
(A.3)
which, under the weak coupling and Born-Markov ap-
proximation, becomes
aω(t) = −
N∑
i=1
gi(ω) cos(kωxi)
+ i(ω − ωi) σ
−
i (t) + ξω. (A.4)
Here, we have used σ−i (t′) ≈ σ−i (t)eiωi(t−t
′) and taken
the upper limit of the integral t → ∞. Also, the term
8regarding aω(0) contributes to a noise operator averaged
out in the vacuum state. Note that the insertion of a
small positive quantity  is to guarantee the convergence
of the integration. Substituting Eq. (A.4) into Eq. (A.2),
we get
Q˙ = − i
~
N∑
i=1
[Q,Hs]−
N∑
i,j=1
Fij(ω, x)[Q, σ+i ]σ−j +H.c.
(A.5)
with
Fij(ω, x) =
∫ ∞
0
gi(ω)gj(ω) cos(kωxi) cos(kωxi)
+ i(ω − ωj) dω
(A.6)
accounting for the dipole-dipole interaction. Thus, the
decay rates and energy shift correspond to the real and
imaginary part of Fij ≡ γij + i∆ij , respectively [38]. Us-
ing the technique of contour integration, we finally obtain
γij =
γ0ij
2 [cos kj(xi + xj) + cos kj |xi − xj |] (A.7)
∆ij =
γ0ij
2 [sin kj(xi + xj) + sin kj |xi − xj |] (A.8)
where γ0ij ≡ pigi(ωj)gj(ωj). Note that in the most general
case with non-identical qubits, γ0ij 6= γ0ji.
B. Multi-level system
This section summarizes the general form for multi-
level atoms of the master equation and dipole-dipole in-
teraction among transmon qubits in the setup of this
work. When a collection of such atoms with states {|n〉i}
(i = 1, 2, · · · , N is the atom index; n = 0, 1, · · · is the
state index) pumped by a single-mode field, the interac-
tion Hamiltonian can be described by
Hint =i~
∑
i,n
√
ngi(ω) cos
ω
c
xi
[
aωσ
i
n,n−1 −H.c.
]
,
(A.9)
where σin,m ≡ |n〉i〈m| is the jumping operator taking
the ith atom from state |m〉i to state |n〉i. Through the
standard procedure discussed in the previous section, we
derive the master equation that reads
dρ
dt
= i
∑
i,n
[δin|n〉i〈n|, ρ]
+ i
∑
i,n
√
nΩip[σin,n−1 +H.c., ρ]
− i
∑
i,j,m,n
{
(∆ij,m + ∆ji,n)− i(γij,m − γji,n)
2
}
×
√
nm[σin,n−1σ
j
m−1,m, ρ]
+
∑
ij,m,n
{
(γij,m + γji,n) + i(∆ij,m −∆ji,n)
2
}
×
√
nmLijn,n−1;m−1,m[ρ]
+
∑
i,n
γφi,nDi,n[ρ]
(A.10)
with the decay rates and energy shifts
γij,n =
pigi(ωjn)gj(ωjn)
2 ×[
cos ω
j
n
c
(xi + xj) + cos
ωjn
c
|xi − xj |
]
(A.11)
∆ij,n =
pigi(ωjn)gj(ωjn)
2 ×[
sin ω
j
n
c
(xi + xj) + sin
ωjn
c
|xi − xj |
]
(A.12)
respectively, associated with state |n〉. Also, the in-
coherent jumping and dephasing superoperators are
Lijmn,m′n′ [ρ]nm = 2σjm′n′ρσimn − ρσimnσjm′n′ − σimnσjm′n′ρ
and Di,n[ρ] = 2σinnρσinn − ρσinn − σinnρ, respectively. By
solving the master equation, one can obtain the reflection
coefficient through
r =
∣∣∣∣∣∣1 + i2Q
N
ΩN01
∑
i,n
γii,n
Qi
√
n cos kpxi〈σin−1,n〉
∣∣∣∣∣∣ , (A.13)
where Qn =
√
2eβn(E(n)J /8E
(n)
c )1/4.
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